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A Reissner-Nordstro¨m+Λ black hole in the Friedman-Robertson-Walker universe
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A charged, non-rotating, spherically symmetric black hole which has cosmological constant Λ
(Reissner-Nordstro¨m+Λ or RN+Λ), active gravitational mass M and electric charge Q is studied
with exterior Friedman-Robertson-Walker (FRW) universe in (2+1) dimensional spacetime. We find
a new classes of exact solutions of the charged black hole where the generalized Birkoff’s theorem is
assumed to be valid. It is found that the cosmological constant is negative inside the black hole. We
confirm it from the geodesic equations too. The cosmological constant is found to be dependent on
R,Q and a(v) which correspond to the areal radius, charge, of the black hole and the scale factor of
the universe respectively. We note that the expansion of the universe affects the size and the mass
of the black hole. An important observation is that, for an observer at infinity, both the mass and
charge of black hole increase with the contraction of the universe and decrease with the expansion
of the universe.
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I. INTRODUCTION:
Ever since their advent black holes have been studied
in a great detail. However, almost all previous studies
have focused either on isolated or binary black holes. But
in reality black holes are neither isolated nor only in bi-
naries. They are actually embedded in the background
of expanding universe. Therefore, we must study black
holes in non-flat backgrounds in order to understand the
black holes in real universe.
The work on (2+1)-d gravity theory has seen a great
increase after the discovery that (2+1)-d general relativ-
ity possesses a black hole solution [Banados et al., 1992].
Their work has brought (2+1)-d general relativity into
the level of complexity of (3+1)-d general relativity. It
has motivated us to work on (2+1)-d black hole including
the cosmological constant inside it.
The study on black holes is not completely new. It
started long back in 1933 when McVittie [1] obtained his
celebrated metric for a mass-particle in an expanding uni-
verse. This metric is nothing but the Schwarzschild black
hole which is embedded in the Friedman-Robertson-
Walker universe. In 1993, Kastor and Traschen found
the multi-black holes solution in the background of de
Sitter universe [2, 3]. The Kastor-Traschen solution de-
scribes the dynamical system of arbitrary number of ex-
treme Reissner-Nordstrom black holes in the background
of de Sitter universe. In 1999, Shiromizu and Gen stud-
ied charged rotating black hole in de Sitter background
[4]. In 2000, Nayak et al. studied the solutions for the
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Schwarzschild and Kerr black holes in the background of
the Einstein universe [5, 6]. In 2004 Gao et al. studied
Reissner-Nordstro¨m black hole in the expanding universe
[7].
In this paper, we extend the above studies from
charged black holes into charged black holes which have
cosmological constant inside them. It has been found in
the literature that there are three possible black hole so-
lutions depending on the cosmological constant being (1)
positive (2) negative and (3) zero [8]. We first deduce
the metric for a Reissner-Nordstro¨m+Λ black hole in the
expanding universe. We show that several special cases
of our solution are exactly the same as some solutions
discovered previously. We then study the effects of the
evolution of the universe on the size, mass and charge of
the black hole.
We know that black holes exert a strong gravitational
influence due to their mass, just like every other massive
object in the Universe. This is how one can actually dis-
cover and measure the mass of black holes, by watching
their effect through gravitational lensing, accretion, X-
ray emissions etc. For instance, the supermassive black
hole at the center of the Milky Way galaxy has so strong
gravitational field that the stars very near it orbit at a
very high rate. Using this and the equations that de-
scribe the orbits of these stars, we can actually estimate
the mass of the black hole.
N. Kaloper et al. [9] has analyzed the McVittie solu-
tions of Einsteins field equations for describing the gravi-
tational fields of spherically symmetric mass distributions
in expanding FRW universes. They focused on spatially
flat McVittie geometries and showed that the McVittie
solutions, which asymptote to FRW universes and dom-
inated by a positive cosmological constant at late times,
are black holes with regular event horizons. Near the
hole the charge contributions correct the effective poten-
2tial for the scalar field and give it a large mass, as the
supersymmetric attractor mechanism in asymptotically
flat black holes.
T. Maki et al. [10] have studied (N + 1)-dimensional
cosmological solutions describing the multi-black hole
configuration in the same system with a cosmological
constant. They investigated that the cosmological evo-
lution of the scale factor depends on the coupling of the
dilaton to the cosmological constant. The outline of our
paper is envisaged as follows:
In section II we have solved the Einstein-Maxwell field
equations for the static spherically symmetric line ele-
ment for interior spacetime of a RN+Λ black hole. The
event horizons have been studied. The pressure, energy
density and proper charge density of the black hole has
been expressed in terms of the mass, charge and the cos-
mological constant (Λ). The geodesics have been further
verified. In section III we transform the RN+Λ metric to
the McVittie form [1] under suitable transformation con-
ditions with respect to the FRW universe. The various
sub-conditions are specified. In section IV the boundary
conditions are discussed and we further confirm the neg-
ative value of cosmological constant inside the black hole.
The limiting value of the constant k in the FRW metric
is discussed. The study ends with a concluding remark
in section V.
II. INTERIOR REISSNER-NORDSTRO¨M WITH
Λ METRIC:
We know that if an electrically charged particle falls
into the Schwarzschild black hole it becomes charged. To
describe such a black hole one has to solve the Einstein-
Maxwell equations considering the stress-energy tensor
of the electromagnetic field. RN+Λ metric is a static
solution to the Einstein-Maxwell field equations, which
corresponds to the electrovacuum gravitational field of a
charged, non-rotating, spherically symmetric black hole
of mass M. Hence, we follow the analogue of the RN+Λ
solution with exterior FRW metric for a spacetime with
a cosmological constant. Under such conditions, the gen-
eralized Birkoff’s theorem is valid and the metric of the
line element for the interior space-time of a static spheri-
cally symmetric charged distribution of matter in (2+1)
dimensions is of the form,
ds2 = −
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
dt2
+
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)−1
dr2
+r2dθ2, (1)
where M and Q are the mass and charge of the black
hole, respectively and Λ, the cosmological constant.
Above equation reduces to the model in [11] when Q =
0
For null geodesics, we have
0 = −
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
dt2
+
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
dr2
+r2dθ2, (2)
This implies,(
dr
dt
2)
=
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
.
[(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
− r2
(
dθ
dt
)2]
,(3)
At the surface r = R on which dr
dt
= 0 (i.e on the
RN+Λ blackhole surface), light cannot escape from this
black hole surface,thus,
1− 2M
R
+
Q2
R2
− ΛR
2
3
= 0, (4)
Besides the cosmological constant the charged black
hole is characterized by two parameters, the mass M and
the electric charge Q. Λ = 0 corresponds to the Reissner
Nordstro¨m metric [12], which is not our case.
A. Horizons in the RN+Λ spacetime:
On solving the above eqn.(4), we find four event hori-
zons given by,
r1 =
1
2
.
[
2
Λ
+
a
Λb
+
b
c
] 1
2
−1
2
.
[
4
Λ
− a
Λb
− b
c
− 12M
Λ( 2Λ +
a
Λb +
b
c
)
1
2
] 1
2
, (5)
r2 =
1
2
.
[
2
Λ
+
a
Λb
+
b
c
] 1
2
+
1
2
.
[
4
Λ
− a
Λb
− b
c
− 12M
Λ( 2Λ +
a
Λb +
b
c
)
1
2
] 1
2
, (6)
r3 = −
1
2
.
[
2
Λ
+
a
Λb
+
b
c
] 1
2
−1
2
.
[
4
Λ
− a
Λb
− b
c
+
12M
Λ( 2Λ +
a
Λb +
b
c
)
1
2
] 1
2
, (7)
and
r4 = −
1
2
.
[
2
Λ
+
a
Λb
+
b
c
] 1
2
+
1
2
.
[
4
Λ
− a
Λb
− b
c
+
12M
Λ( 2Λ +
a
Λb +
b
c
)
1
2
] 1
2
, (8)
3where
a = 3.2
1
3 .(1− 4Q2Λ), (9)
b = [−54 + 972M2Λ− 648Q2Λ
+[(−54 + 972M2Λ− 648Q2Λ)2
−4(9− 36Q2Λ)3] 12 ] 13 , (10)
c = 3.2
1
3Λ, (11)
From the above equations we observe that a depends
on the charge of the black hole and the cosmological con-
stant, b depends on the mass, the charge of the black hole
and the cosmological constant whereas c depends only on
the cosmological constant.
We get the values of the horizons for Reissner Nord-
stro¨m metric, if we put Λ = 0 in eq.(4) above. Hence the
values of the radius of the horizon of the charged black
hole in case of RN metric is,
r± = M ±
√
M2 −Q2, (12)
The larger one r+, is the outer event horizon, while the
smaller one, r−, is the inner or Cauchy horizon located in-
side the black hole. The outer event horizon corresponds
to,
r+ = M +
√
M2 −Q2, (13)
This is analog of the Schwarzschild radius, and for Q = 0,
r+ = rs = 2M .
B. Solutions of Einstein-Maxwell equations in
RN+Λ spacetime:
The metric (1) can be written in the form,
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dθ2, (14)
where we take,
eν(r) = e−λ(r) =
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
. (15)
The Hilbert action coupled to electromagnetism is
given by
I =
∫
dx3
√−g
(
R− 2Λ
16pi
− 1
4
F caFbc + Lm
)
, (16)
where Lm is the Lagrangian for matter. The varia-
tion with respect to the metric gives the following self
consistent Einstein-Maxwell equations with cosmological
constant Λ for a charged perfect fluid distribution,
Gab = Rab −
1
2
Rgab + Λgab = −8pi(TPFab + TEMab ), (17)
The explicit forms of the energy momentum tensor
(EMT) components for the matter source (we assumed
that the matter distribution at the interior of the black
hole is perfect fluid type) and electromagnetic fields are
given by,
TPFab = (ρ+ p)uaub + pgab, (18)
TEMab = −
1
4pi
(
F caFbc −
1
4
gabFcdF
cd
)
, (19)
where ρ, p, ui and Fab are, respectively, matter-energy
density, fluid pressure and velocity three vector of a fluid
element and electromagnetic field. Here, the electromag-
netic field is related to current three vector
Jc = σ(r)uc, (20)
as
F ab;b = −4piJa, (21)
where, σ(r) is the proper charge density of the distribu-
tion. In our consideration, the three velocity is assumed
as ua = δ
t
a and consequently the electromagnetic field
tensor can be given as,
Fab = E(r)(δ
t
aδ
r
b − δraδtb), (22)
where E(r) is the electric field.
The Einstein-Maxwell equations with the assumption,
cosmological constant (Λ < 0), for the black hole metric
in eqn.(14) together with the energy-momentum tensor
given in eqns. (18),(19) alongwith eqns. (20),(21) and
(22) yield (rendering G = c = 1)
λ′e−λ
2r
= 8piρ(r) + E2(r) + Λ(23)
ν′e−λ
2r
= 8pip(r)− E2(r)− Λ(24)
e−λ
2
(
1
2
ν′2 + ν′′ − 1
2
ν′λ′
)
= 8pip(r) + E2(r)− Λ(25)
σ(r) =
e−
λ
2
4pir2
(r2E(r))′ (26)
where a ‘′’ denotes differentiation with respect to the
radial parameter r. When E=0, the Einstein-Maxwell
4system given above reduces to the uncharged Einstein
system.
Here the term σ(r)e
λ(r)
2 is equivalent to the volume
charge density.
The E-M equations (23), (24) and (25) reduce to,
8piρ(r) + E2(r) + Λ = −1
r
(
M
r2
− Q
2
r3
− Λr
3
)
, (27)
8pip(r) − E2(r) − Λ = 1
r
(
M
r2
− Q
2
r3
− Λr
3
)
, (28)
8pip(r) + E2(r) − Λ = 3Q
2
r4
− 2M
r3
− Λ
3
. (29)
Solving eqns. (27) - (29), we obtain,
16pip(r) = −16piρ(r)
=
2Q2
r4
− M
r3
+
4Λ
3
, (30)
E(r) =
(
2Q2
r4
− 3M
2r3
) 1
2
. (31)
The pressure and energy density are dependent on the
cosmological constant, whereas, the electric field E(r) is
independent of the cosmological constant.
The proper charge density is evaluated as
σ(r) =
(1− 2M
r
+ Q
2
r2
− Λr23 )
1
2 (3M2r3 − 3Q
2
r4
)
2pir(2Q
2
r4
− 3M2r3 )
1
2
, (32)
which depends on the cosmological constant.
C. Physical significance of pressure and energy
density:
Thus for interior solutions we have deduced that p =
−ρ. It is equivalent to p = ωρ, where we take ω = −1.
This type of equation of state is available in the literature
and is known as a false vacuum, degenerate vacuum, or
ρ-vacuum and represents a repulsive pressure.
We choose the following values of the parameters to
plot the physical parameters,
Λ = −10−46km−2, M = 3.8M⊙, Q = 0.00089km.
(33)
The figures (1) and (2) show the variation of p(r) and
ρ(r) against r.
Hence we observe from the figure, that the black hole
has a negative pressure and positive energy density inside
which is due to the presence of exotic matter or dark
matter. The pressure p(r) is minimum at the centre and
increases with the increase in radius. The energy density
FIG. 1. Pressure p(r) has been depicted against r
FIG. 2. Energy density ρ(r) has been depicted against r
ρ(r) is positive inside the black hole and is maximum at
the centre which decreases with the increase in radius.
We observe that the interior region of the charged black
hole is free of any mass-singularity at the origin as we
have assumed the black hole of mass M = 3.8M⊙. It can
also be observed via equation (30), that the physical pa-
rameters, viz. density and pressure are dependent on the
charge. Therefore the solutions provide electromagnetic
mass model, such that for vanishing charge density σ(r)
the physical parameters do not exist.
The figure (3) shows the variation of the proper charge
density against r. We observe that the proper charge
density is maximum at the centre and decreases with the
increase of radius.
FIG. 3. Proper charge density σ(r) has been depicted against
r
5D. Geodesic equations in RN+Λ spacetime:
We write the geodesic equations as follows:-
d2t
ds2
+ ν′
dt
ds
dr
ds
= 0, (34)
d2r
ds2
+
1
2
ν′e(ν−λ)
(
dt
ds
)2
+
1
2
λ′
(
dr
ds
)2
−re−λ
(
dθ
ds
)2
= 0,
(35)
d2θ
ds2
+
2
r
dθ
ds
dr
ds
= 0, (36)
Using eqn.(15), since ν = −λ, ν′ = −λ′ and ν−λ = 2ν,
we find,
ν′ =
2(
1− 2M
r
+ Q
2
r2
− Λr23
) .(M
r2
− Q
2
r3
− Λr
3
)
, (37)
On integrating eqns.(34) and (36), we obtain
dθ
ds
=
k21
r2
, (38)
and
dt
ds
=
k22(
1− 2M
r
+ Q
2
r2
− Λr23
) , (39)
Putting the above values of dθ
ds
and dt
ds
in eqn.(35), we
get,
d2r
ds2
+
k22
(
M
r2
− Q2
r3
− Λr3
)
(
1− 2M
r
+ Q
2
r2
− Λr23
)
−
(
M
r2
− Q2
r3
− Λr3
)
(
1− 2M
r
+ Q
2
r2
− Λr23
) .(dr
ds
)2
−k
2
1
r3
.
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)
= 0, (40)
Also from the metric eqn.(14), on dividing each side
by ds2, we find that,
1 = −eν
(
dt
ds
)2
+ eλ
(
dr
ds
)2
+ r2
(
dθ
ds
)2
, (41)
Using eqns.(38) and (39), eqn.(41) reduces to,
(
dr
ds
)2
= k22 +
(
1− 2M
r
+
Q2
r2
− Λr
2
3
)(
1− k
2
1
r2
)
,
(42)
Using eqn.(42) in eqn.(40), we obtain
d2r
ds2
=
(
M
r2
− Q
2
r3
− Λr
3
)
+k21
(
1
r3
− 3M
r4
+
2Q2
r5
)
, (43)
Multiplying the above equation by 2 dr
ds
and integrating
both sides w.r.t ds we get,(
dr
ds
)2
= 2
[
−M
r
+
Q2
2r2
− Λr
2
6
+ k21
(
− 1
2r2
+
M
r3
− Q
2
2r4
)]
,
(44)
On equating eqns.(42) and (44), we observe that,
k22 = −
(
Λk21
3
+ 1
)
, (45)
Hence we observe that the cosmological constant can
have a negative value as is confirmed from the above
eqn.(45) [13]. Hence our assumption is found to be true.
III. METRIC FOR INTERIOR RN+Λ AND
EXTERIOR FRW SPACETIMES:
The RN+Λ black hole in (2 + 1) dimensions is given
by eqn.(1). For the sake of convenience we transform
the metric under isotropic conditions with the following
transformations, using x0 = v and x1 = x, as
2t = v, 2s = l, 2r = x
[(
1 +
M
x
)2
− Q
2
x2
+ Λe−2x
]
,
(46)
Hence eqn.(1) is transformed as,
dl2 = −
(
1− M2
x2
+ Q
2
x2
− Λe−2x
)2
[(
1 + M
x
)2 − Q2
x2
+ Λe−2x
]2 dv2
+
[(
1 +
M
x
)2
− Q
2
x2
+ Λe−2x
]2
.
(
dx2 + x2dθ2
)
, (47)
We consider the line element for the exterior space-
time in FRW metric in the form,
dl2 = −dv2 + a
2(v)
(1 + kx
2
4 )
2
.(dx2 + x2dθ2). (48)
Here a(v) is the scale factor of the universe and k de-
notes the space-time curvature. The above RN+Λ metric
embedded in FRW universe is represented as follows [7]:
dl2 = −P 2(v, x)dv2 + T 2(v, x)
.(dx2 + x2dθ2), (49)
6where,
T (v, x) =
[
g(v, x) +
z(v)
x
]2
− h(v)
x2
, (50)
P (v, x) = [
g˙f
g
+ (gz˙ + g˙z)
f
g2x
+
zz˙f
g2x2
− h˙f
2g2x2
]
.
[(
1 +
z
gx
)2
− h
g2x2
]−1
, (51)
where “dot” denotes differentiation with respect to v.
According to [7], for the case of v = const and the
asymptotically flat conditions, one can infer the following
identities
f =
b
b˙
, g =
b(v)√
1 + kx
2
4
, z =
M
b
and h =
Q2
b2
.
Here the constantsM,Q and b(v) are related to the mass,
charge of the black hole and scale factor of the universe
respectively.
On substituting the above eqns.(49), (50) and (51) in
(47), the final RN+Λ metric in (2+ 1) dimensions in the
FRW background is found as:
dl2 = −
(
1− M
2
(
1+ kx
2
4
)
a2x2
+
Q2
(
1+ kx
2
4
)
a2x2
− Λe
− 2ax√
1+ kx
2
4
)2
dv2

(1 + M
√
1+ kx
2
4
ax
)2
− Q
2
(
1+ kx
2
4
)
a2x2
+ Λe
− 2ax√
1+ kx
2
4


2
+
a2(
1 + kx
2
4
)2
.



1 + M
√
1 + kx
2
4
ax


2
−
Q2
(
1 + kx
2
4
)
a2x2
+ Λe
− 2ax√
1+ kx
2
4


2
.(dx2 + x2dθ2). (52)
Here a = a(v) → b(v)2.
If k=0, the above eqn.(52) reduces to,
dl2 = −
(
1− M2
a2x2
+ Q
2
a2x2
− Λe−2ax
)2
[(
1 + M
ax
)2 − Q2
a2x2
+ Λe−2ax
]2 dv2
+a2
[(
1 +
M
ax
)2
− Q
2
a2x2
+ Λe−2ax
]2
.(dx2 + x2dθ2). (53)
We know that for the ReissnerNordstrmde Sitter met-
ric a(v) = eHv with k = 0 where H is the Hubble con-
stant. If further H = 0, then a(v) = 1 and the eqn.(47)
is restored from eqn.(53). However Q = 0 reduces the
above eqn.(52) to,
dl2 = − (1−
M2(1+ kx
2
4 )
a2x2
− Λe
− 2ax√
1+ kx
2
4 )2
[(1 +
M
√
1+ kx
2
4
ax
)2 + Λe
− 2ax√
1+ kx
2
4 ]2
dv2
+
a2
(1 + kx
2
4 )
2
.[(1 +
M
√
1 + kx
2
4
ax
)2
+Λe
− 2ax√
1+ kx
2
4 ]2.(dx2 + x2dθ2), (54)
which is just the McVittie solution. For the extreme
RN black hole case M = Q and k = 0 in presence of
cosmological constant, the eqn.(52) is reduced to
dl2 = − (1− Λe
−2ax)2
(1 + 2M
ax
+ Λe−2ax)2
dv2
+a2(1 +
2M
ax
+ Λe−2ax)2
.(dx2 + x2dθ2). (55)
If Λ = 0 the above eqn.(55) further takes the form,
dl2 = − 1
(1 + 2M
ax
)2
dv2 + a2(1 +
2M
ax
)2
.(dx2 + x2dθ2). (56)
If the scale factor a(v) = 1, when H = 0, the above
eqn.(56) reduces to the Schwarzschild metric in an FRW
universe as,
dl2 = − 1
(1 + 2M
x
)2
dv2
+(1 +
2M
x
)2(dx2 + x2dθ2). (57)
IV. BOUNDARY AND MATCHING
CONDITIONS WITH THE EXTERIOR FRW
UNIVERSE:
We use matching conditions of gvv, gxx and
∂gvv
∂x
at
x = R we find from eqns. (48) and (52) three results
which are enunciated below,
A. Continuity of gvv:
(1− M
2(1+ kx
2
4 )
a2x2
+
Q2(1+ kx
2
4 )
a2x2
− Λe
− 2ax√
1+ kx
2
4 )2
[(1 +
M
√
1+ kx
2
4
ax
)2 − Q2(1+
kx2
4 )
a2x2
+ Λe
− 2ax√
1+kx
2
4 ]2
= 1
(58)
7Thus the scale factor a(v) is expressed by the following
equation,
M2(1 + kx
2
4 )
a2x2
+
M
√
1 + kx
2
4
ax
− Q
2(1 + kx
2
4 )
a2x2
+Λe
− 2ax√
1+ kx
2
4 = 0, (59)
For the extreme R-N case when Q = M ,
M
√
1 + kx
2
4
ax
+ Λe
− 2ax√
1+ kx
2
4
=
Q
√
1 + kx
2
4
ax
+ Λe
− 2ax√
1+ kx
2
4 = 0.
(60)
As Λ is constant the above eqn.(60) indicates that, for
an observer at infinity, the mass and charge of the black
hole decreases with the expansion of the universe whereas
both increases with the contraction of the universe.
If Q = 0 we get,

M
√
1 + kx
2
4
ax

 .

1 + M
√
1 + kx
2
4
ax

+ Λe− 2ax√1+ kx24
= 0.(61)
B. Continuity of gxx:
a2(v)(
1 + kx
2
4
)2 = a2(v)(
1 + kx
2
4
)2
.



1 + M
√
1 + kx
2
4
ax


2
−
Q2
(
1 + kx
2
4
)
a2x2
+ Λe
− 2ax√
1+ kx
2
4


2
.(62)
The above eqn.(62) gives another expression for a(v)
as,
M2(1 + kx
2
4 )
a2x2
+
2M
√
1 + kx
2
4
ax
− Q
2(1 + kx
2
4 )
a2x2
+Λe
− 2ax√
1+ kx
2
4 = 0. (63)
We observe via eqns.(59) and (63) that as Λ has a
negative value of the order 10−46, the term containing
Λ can be eliminated to obtain the value of the constant
k = −0.0278 in both the equations, considering the scale
factor, a(v) = 1 for the present day universe.
C. Continuity of ∂gvv
∂x
at x = R:
2(2−
√
1 + kx
2
4
ax
)[
M2
( ax√
1+ kx
2
4
)3
− Q
2
( ax√
1+ kx
2
4
)3
+Λe
− 2ax√
1+kx
2
4 ] +
√
1 + kx
2
4
ax
= 0. (64)
Hence at x = R we get,
2(2−
√
1 + kR
2
4
aR
)[
M2
( aR√
1+ kR
2
4
)3
− Q
2
( aR√
1+ kR
2
4
)3
+Λe
− 2aR√
1+ kR
2
4 ] +
√
1 + kR
2
4
aR
= 0. (65)
In the extreme R-N case when Q =M we find,
Λ = −e
2aR√
1+ kR
2
4 .
1
2( 2aR√
1+ kR
2
4
− 1) . (66)
As Λ is negative, 2aR√
1+ kR
2
4
>1. Hence R> 2√
16a2−k , As
the denominator on the R.H.S should be positive, we find
a(v)>
√
k
4 . For the present universe, assuming a(v) = 1
and thus k<16. Though constant k has an upper limit,
it increases with the expansion of the universe and de-
creases with the contraction of the universe. We should
observe a peculiar change when the constant k reaches
this numerical value which is the limiting value for the
expansion of the universe.
For Q = 0 in eqn.(64),
Λ = −e
2aR√
1+ kR
2
4 .[
M2
( aR√
1+ kR
2
4
)3
+
1
2( 2aR√
1+ kR
2
4
− 1) ], (67)
which represents the cosmological constant inside the
Schwarzschild black hole and also has a negative value.
V. CONCLUSIONS:
We study a charged, non-rotating, spherically sym-
metric black hole which has cosmological constant Λ
(Reissner-Nordstro¨m+Λ), active gravitational mass M
and electric charge Q in exterior Friedman-Robertson-
Walker (FRW) universe. We solve the Einstein-Maxwell
equations of the RN+Λ black hole embedded in the FRW
background.
8We set the metric for a (2+1)-d RN+Λ black hole
embedded in the FRW universe and derived a negative
cosmological constant inside the black hole, where the
generalized Birkhoff’s theorem is valid. Literature re-
veals that there are three possible black hole solutions
where the cosmological constant is (1) positive (2) nega-
tive and (3)zero. The cosmological constant found nega-
tive inside the black hole is also confirmed by the geodesic
equations. Here, the cosmological constant is dependent
on R,Q and a(v) which correspond to the areal radius,
charge, of the black hole and the scale factor of the uni-
verse respectively. The century-old problem of describing
a gravitationally bound system in an expanding universe
in the frame-work of general relativity has seen many at-
tempts to find a solution so far. Assuming that scale
factor does not alter with the metric transformation, we
find a maximum limit of the universal expansion. De-
spite its apparent simplicity, a full understanding of the
mechanisms involved when general and realistic systems
are considered has yet to be found. We also observe that
the size, mass and charge of the black hole is affected
by the expansion of the universe. An important obser-
vation is that, for an observer at infinity, both the mass
and charge of black hole increase with the contraction
of the universe and decrease with the expansion of the
universe. The cosmological constant has been found to
be negative in a previous work too [14]. The AdS/CFT
correspondence tells us that the case Λ < 0 is still worthy
of consideration. In future we plan to study the stabil-
ity of such black hole with cosmological constant in an
expanding universe.
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